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Abstract 
A promising application area for proactive assistant agents 
is automated tutoring and training.  Intelligent tutoring sys-
tems (ITSs) assist tutors and tutees by automating diagnosis 
and adaptive tutoring. These tasks are well modeled by a 
partially observable Markov decision process (POMDP) 
since it accounts for the uncertainty inherent in diagnosis. 
However, an important aspect of making POMDP solvers 
feasible for real-world problems is selecting appropriate re-
presentations for states, actions, and observations. This pa-
per studies two scalable POMDP state and observation re-
presentations. State queues allow POMDPs to temporarily 
ignore less-relevant states. Observation chains represent in-
formation in independent dimensions using sequences of 
observations to reduce the size of the observation set. Pre-
liminary experiments with simulated tutees suggest the ex-
perimental representations perform as well as lossless 
POMDPs, and can model much larger problems. 

Introduction  
Intelligent tutoring systems (ITSs) are computer programs 
that teach or train adaptively. ITSs can choose material, 
plan tests, and give hints that are tailored for each tutee. 
Just as working one-on-one with a personal tutor increases 
learning compared to classroom study, an ITS can help 
students learn more than they would with a linear teaching 
program. ITSs have created substantial learning gains (e.g., 
Koedinger, Anderson, Hadley, & Mark, 1997; VanLehn et 
al., 2007). ITSs proactively assist both tutors and tutees by 
diagnosing underlying causes for tutees’ behavior and 
adapting feedback or hints to tutor them efficiently. 
 Diagnosis in ITSs requires recognizing tutees’ intent 
from behaviors such as answering questions or interacting 
with a training simulator. Each behavior observed could 
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stem from several different knowledge states or mental 
conditions. Deciding which conditions are present is key to 
choosing effective feedback or other interventions.  
 Several sources of uncertainty complicate diagnosis in 
ITSs. Learners’ plans are often vague and incoherent (Chi, 
Feltovich, & Glaser, 1981). Learners who need help can 
still make lucky guesses, while learners who know material 
well can make mistakes (Norman, 1981). Understanding is 
fluid and changes often. Finally, it is difficult to exhaus-
tively check all possible mistakes (VanLehn & Niu, 2001). 
 Proactive interventions such as material or hint selection 
require planning and timing. Interventions can be more or 
less helpful depending on cognitive states and traits (Craig, 
Graesser, Sullins, & Gholson, 2004). In turn, unhelpful 
interventions can distract or create tutee states that make 
tutoring inefficient (Robison, McQuiggan, & Lester, 2009). 
 Like many other user assistance systems, tutoring is well 
modeled as a problem of sequential decision-making under 
uncertainty. Solving a partially observable Markov deci-
sion process (POMDP) can yield an intelligent tutoring 
policy. This potential was recognized in early work by 
Cassandra, who proposed teaching with POMDPs (1998). 

Learner Model 
A model of the tutee is central to proactive tutoring. Many 
learner models are possible to represent with a POMDP, 
and this paper describes one simple model structure M. In 
general, labeled data can inform model parameters, but all 
parameters herein are based on empirical results drawn 
from the literature and subjected to a sensitivity analysis. 
 A particular POMDP is defined by a tuple S, A, T, R, Ω, 
O  comprising a set of hidden states S, a set of actions A, a 
set of transition probabilities T that specify state changes, a 
set of rewards R that assign values for reaching states or 
accomplishing actions, a set of observations Ω, and a set of 
emission probabilities O that define which observations 
appear (Kaelbling, Littman, & Cassandra, 1998).  
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POMDP States 
Hidden states in an ITS POMDP with the M structure de-
scribe the current mental status of a particular tutee. This 
status is made up of knowledge states and cognitive states. 
 Knowledge states describe tutee knowledge. K is the 
domain-specific set of concepts to be tutored. Each ele-
ment of K represents a specific misconception or a fact or 
competency the tutee has not grasped, together termed 
gaps. The ITS should act to discover and remove each gap. 
 The set C of cognitive states represent transient or per-
manent properties of a specific tutee that change action 
efficacy. Cognitive states can also explain observations. 
 Cognitive states are not domain-specific, although the 
domain might determine which states are important to 
track. In M, C tracks boredom, confusion, frustration, and 
flow. Previous research supplies estimates for how these 
affective states might change learning effectiveness (Craig 
et al., 2004). Other ITSs may include additional factors in 
the state representation such as workload, interruptibility, 
personality, or demographics. 

POMDP Actions 
Many hints or other actions could tutor any particular gap. 
In M, the ITS’s controller decides which gap to address (or 
none). A pedagogical module, separate from the POMDP, 
is posited to then choose an intervention that tutors the 
target gap effectively in the current context. The pedagogi-
cal module is a simplification, but not a requirement. Al-
ternatively, the POMDP could also assume fine control 
over hints and actions. However, efficacy estimating func-
tions for each possible intervention would then be needed. 
 Whether the POMDP controls interventions directly or 
through a pedagogical module, each POMDP action i has a 
chance to correct each gap j with base probability aij. The 
interventions available to the ITS determine the values of 
a, and they must be learned or set by a subject-matter ex-
pert. For simplicity, no actions in M introduce new gaps. 
 The tutee’s cognitive state may further increase or de-
crease the probability of correcting gaps according to a 
modifying function fc: [0,1]→[0,1]. In M, values for fc ap-
proximate trends empirically observed during tutoring 
(Craig et al., 2004). Transitions between the cognitive 
states are also based on empirical data (Baker, Rodrigo, & 
Xolocotzin, 2007; D’Mello, Taylor, & Graesser, 2007). 
Actions which do not succeed in improving the knowledge 
state have higher probability to trigger a negative affective 
state (Robison et al., 2009). Therefore, an ITS might im-
prove overall performance by not intervening when no 
intervention is likely to help, for example because there is 
too much uncertainty about the tutee’s state. 
 Action types not included in M’s example, such as 
knowledge probes or actions targeting cognitive states 
alone, are also possible to represent with a POMDP. 

POMDP Observations 
Like actions, the experimental representations in the 
present paper are also agnostic to ITS observation content. 

In M, an external assessment module is posited to prepro-
cess observations for transmission to the POMDP, a design 
decision motivated by the typically complex and non-
probabilistic rules that are used to map tutee behaviors into 
performance assessments aligned with the state space. 
 The assessment module preprocesses ITS observations 
of tutee behavior into POMDP observations of assessment 
lists. POMDP observations in M are indicators that certain 
gaps or states are present or absent based on tutee behavior 
at that moment. The POMDP’s task is to find patterns in 
those assessments and transform them into a coherent di-
agnosis in its belief state. In M, each POMDP observation 
contains information indicating the presence of one gap 
and the absence of one gap in the current knowledge state. 
A non-informative blank can also appear in the present or 
the absent dimension. The ITS can incorrectly assess ab-
sent gaps as present when a tutee slips, and present gaps as 
absent when the tutee makes a guess (Norman, 1981). 

Key Problem Characteristics 
Often, tutoring problems have four characteristics that can 
be exploited to compress their POMDP representations. 
 First, in many cases certain knowledge gaps or miscon-
ceptions are difficult to address in the presence of other 
gaps. For example, when a person learns algebra it is diffi-
cult to learn exponentiation before multiplication or mul-
tiplication before addition. This relationship property al-
lows instructors in general to assign a partial ordering over 
the misconceptions or gaps they wish to address. A skilled 
instructor ensures that learners grasp the fundamentals be-
fore introducing topics that require prior knowledge.  
 To reflect the way the presence of one gap, k, can 
change the possibility of removing a gap j, a final term 
djk: [0,1] is added to M which describes the difficulty of 
tutoring one concept before another. The probability that 
an action i will clear gap j when other any gaps k are 
present, then, becomes fc(aijΠk≠j(1–djk)). 
 Second, in tutoring problems each action often affects a 
small proportion of K. To the extent that an ITS recognizes 
knowledge gaps as different, customized interventions 
often target individual gaps. Therefore, aij=0 for relatively 
many combinations of i and j, yielding a sparse matrix. 
 Third, the presence or absence of knowledge gaps in the 
initial knowledge state can be close to independent, that is, 
with approximately uniform co-occurrence probabilities. 
This characteristic is probably less common in the set of all 
tutoring problems than the previous two, but such prob-
lems do exist. For example, in cases when a tutor is teach-
ing new material, all knowledge gaps will be likely to exist 
initially, satisfying the uniform co-occurrence property. 
 Finally, observations in ITS problems can be constructed 
to be independent by having them convey information 
about approximately orthogonal dimensions. One such 
construction is the definition of an observation in M, which 
contains information about one gap that is present and one 
gap that is absent. These two components are orthogonal – 
it is even possible to observe the presence and the absence 
of the same gap, though one assessment would be untrue.  
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Experimental Representations 

State Queuing 
In tutoring problems, a partial ordering over K exists and 
can be discovered, for example by interviewing subject-
matter experts. By reordering all gap pairs j, k in K to mi-
nimize the values in d where j<k and breaking ties arbitra-
rily, it is further possible to choose a strict total ordering 
over the knowledge states. This ordering is not necessarily 
the optimal action sequence because of other considera-
tions such as current cognitive states, initial gap likelih-
oods, or action efficacies. However, it gives a heuristic for 
reducing the number of states a POMDP tracks at once. 
 A state queue is an alternative knowledge state represen-
tation. Rather than maintain beliefs about the presence or 
absence of all knowledge gaps at once, a state queue only 
maintains a belief about the presence or absence of one 
gap, the one with the highest priority. Gaps with lower 
priority are assumed to be present with the initial probabili-
ty until the queue reaches their turn, and POMDP observa-
tions of their presence or absence are ignored except inso-
far as they provide evidence about the priority gap. 
POMDP actions attempt to move down the queue to lower-
priority states until reaching a terminal state with no gaps. 
 The state space in a POMDP using a state queue is 
S=C×(KU{done}), with done a state representing the ab-
sence of all gaps. Whereas an enumerated state representa-
tion grows exponentially with the number of knowledge 
states to tutor, a state queue grows only linearly. 
 State queuing places tight constraints on POMDPs. 
However, these constraints may lead to approximately 
equivalent policies and outcomes on ITS problems, with 
which they align. If ITSs can only tutor one gap at a time 
and actions only change the belief in one dimension at a 
time, it may be possible to ignore information about di-
mensions lower in the precedence order. And the highly 
informative observations that are possible in the ITS do-
main may ameliorate the possibility of discarding some. 

Observation Chaining 
An opportunity to compress observations lies in the fact 
that ITS observations can contain information about mul-
tiple orthogonal dimensions. Such observations can be 
serialized into multiple observations that each contain non-
orthogonal information. A process for accomplishing this 
is observation chaining, which compresses observations 
when emission probabilities of different dimensions are 
independent, conditioned on the underlying state. 
 Under observation chaining, observations decompose 
into families of components. A family contains a fixed set 
of components that together are equivalent to the original 
observation. Decompositions are chosen such that emission 
probabilities within components are preserved, but emis-
sion probabilities between components are independent. 
 As an example, imagine a subset of Ω that informs a 
POMDP about the values of two independent binary va-
riables, X and Y. To report these values in one observation, 

Ω might contain four elements {XY, X'Y, XY', X'Y'}. An 
observation chain would replace these elements with one 
family of two components, {X, X', Y, Y'}. Whenever one 
of the original elements would have been observed, a chain 
of two equivalent components is observed instead. 
 An observation chain can describe many simultaneous 
gap assessments and can have any length, so a token end is 
added to signal the end of a chain. In the simplified model 
M, Ω=(KU{blank}) U (K'U{blank}') U {end}, with blank 
an observation that contains no information. Real-world 
ITS observations could also include evidence about C. 
 In POMDPs with observation chaining, S contains an 
unlocked and a locked version of each state. Observing the 
end token moves the system into an unlocked state, while 
any other observation sets the equivalent locked state. 
Transitions from unlocked states are unchanged, but locked 
states always transition back to themselves. Therefore, 
observation chains make Ω scale better with the number of 
orthogonal observation features, at the cost of doubling |S|. 

Experiments 
Three experiments were conducted on simulated students 
to empirically evaluate ITSs based on different POMDP 
representations. Examining the performance of different 
representations helped estimate how the experimental 
POMDPs might impact real ITS learning outcomes. 
 Policies generated using a POMDP solver were used to 
tutor simulated students that acted according to the ground 
truth of a model with structure M. The simulated students 
responded to ITS actions by clearing gaps, changing cogni-
tive states, and generating observations with the same 
probabilities the learner model specified (specific values 
used are in Experimental Setup).  
 The first experiment was designed to explore the effects 
of problem size on the experimental representation loss 
during tutoring. Lossless POMDPs were created that used 
traditional, enumerated state and observation encodings 
and preserved all information from the ground truth model, 
perfectly reflecting the simulated students. Experimental 
POMDPs used either a state queue or observation chains, 
or both. For problems with |K|=|Ω|=1, the experimental 
representations do not lose any information. As K or Ω 
grow, the experimental POMDPs compress the information 
in their states and/or observations, incurring an information 
loss and possibly a performance degradation. 
 Since the lossless representation had a perfect model of 
ground truth, the initial hypothesis in this experiment was 
that students working with an ITS based on the experimen-
tal representations would finish with scores no worse than 
0.25 standard deviations above students working with a 
lossless representation ITS (Glass’ delta). This threshold 
was chosen to align with the Institute of Education 
Science’s standards for indentifying substantive effects in 
educational studies with human subjects (U. S. Department 
of Education, 2008). A difference of less than 0.25 stan-
dard deviations, though it may be statistically significant, is 
not considered a substantive difference. 
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 The second experiment measured the sensitivity of the 
experimental representations to the tutoring problem para-
meters a and d. As introduced above, d is a parameter de-
scribing the difficulty of tutoring one concept before 
another. When d is low, the concepts may be tutored in any 
order. Since a state-queue POMDP is constrained in the 
order it tries to tutor concepts, it might underperform a 
lossless POMDP on problems where d is low. Furthermore, 
the efficacy of different tutoring actions can vary widely in 
real-world problems. Efficacy of all actions depends on a, 
including those not subject to ordering effects. 
 Simulated tutoring problems with a in {.1, .3, .5, .7, .9} 
and d in {0, .05, .1, .15, .2, .25, .5, .75, 1} were evaluated. 
To maximize performance differences, the largest possible 
problem size was used, |K|=8. In problems with more than 
eight knowledge states, lossless representations were not 
able to learn useful policies under some parameter values 
before exhausting all eight gigabytes of available memory.  
 The experimental representations were hypothesized to 
perform no more than 0.25 standard deviations worse than 
the lossless representations. Parameter settings that caused 
performance to degrade by more than this limit would in-
dicate problem classes for which the experimental repre-
sentations would be less appropriate in the real world. 
 The third experiment explored the performance impact 
of POMDP observations that contain information about 
more than one gap. Tests on large problems (|K|≥16) 
showed the experimental ITSs successfully tutored fewer 
gaps per turn as size increased. One cause of performance 
degradation was conjectured to be the information loss 
associated with state queuing. As state queues grow longer, 
the probability increases that a given observation’s limited 
information describes only states that are not the priority 
state. If the information loss with large K impacts perfor-
mance, state queues may be unsuitable for representing 
some real-world tutoring problems that contain up to a 
hundred separate concepts (e.g., Payne & Squibb, 1990). 
 To assess the feasibility of improving large problem 
performance, the third experiment varied the number of 
gaps that could be diagnosed based on a single observation. 
Observations were generated, by the same method used in 
the other experiments, to describe n equal partitions of K. 
When n=1, observations were identical to the previous 
experiments. With increasing n, each observation con-
tained evidence of more gaps’ presence or absence. Obser-
vations with high-dimensional information were possible 
to encode with observation chaining. This experiment 
would not conclusively prove that low-information obser-
vations degrade state queue performance, but would ex-
plore whether performance could be improved. 

Experimental Setup 
ITS performance in all experiments was evaluated by the 
number of gaps remaining after t ITS-tutee interactions, 
including no-op actions. In these experiments, the value 
t=|K| was chosen to increase differentiation between condi-
tions, giving enough time for a competent ITS to accom-
plish some tutoring but not to finish in every case. 

 All gaps had a 50% initial probability of being present. 
Any combination of gaps was equally likely, except that 
starting with no gaps was disallowed. Simulated students 
had a 25% probability of starting in each cognitive state. 
 The set of actions included one action to tutor each gap, 
and a no-op action. Values for a and d were aij=0.5 where 
i=j, and 0 otherwise; and dij=0.5 where i<j, and 0 other-
wise. Nonzero values varied in the second experiment. 
 The reward structure was different for lossless and state-
queue POMDPs. In lossless POMDPs, any transition from 
a state with at least one gap to a state with j fewer gaps 
earned a reward of 100j / |K|. For state-queue POMDPs, 
any change of the priority gap from a higher priority i to a 
lower priority i – j earned a reward of 100j / |K|. No 
changes in cognitive state earned any reward. The reward 
discount was 0.90. Goal states were not fully observable. 
 Policy learning was conducted with the algorithm Suc-
cessive Approximations of the Reachable Space under Op-
timal Policies (SARSOP). SARSOP is a point-based learn-
ing algorithm that quickly searches large belief spaces by 
focusing on the points that are more likely to be reached 
under an approximately optimal policy (Kurniawati, Hsu, 
& Lee, 2008). SARSOP’s ability to find approximate solu-
tions to POMDPs with many hidden states makes it suita-
ble for solving ITS problems, especially with the large 
baseline lossless POMDPs. Version 0.91 of the SARSOP 
package was used in the present experiment (Wei, 2010). 
 Policy training and evaluation used a standard controller 
and no lookahead. Informal experiments suggested that 
lookahead increased training time and memory require-
ments without significantly improving outcomes. 
 Training in all conditions consisted of value iteration for 
100 trials. Informal tests suggested that learning for more 
iterations did not produce significant performance gains. 
Evaluations consisted of 10,000 runs for each condition. 

Results 
The first experiment did not find substantive performance 
differences between experimental representations and the 
lossless baseline. Figure 1 shows absolute performance 
degradation was small in all problems. Degradation did 
tend to increase with |K|. Observation chaining alone did 
not cause any degradation except when |K|=8. State queues, 
alone or with observation chains, degraded performance by 
less than 10% of a standard deviation for all values of |K|. 
 The second experiment tested for performance differ-
ences under extreme values of a and d. Observation chain-
ing did not cause a substantive performance degradation 
under any combination of parameters. Differences did ap-
pear for POMDPs with a state queue alone or a state queue 
combined with observation chaining. With a state queue 
alone, POMDPs performed substantively worse than the 
lossless baseline on tutoring problems with d<0.25. With a 
state queue and observation chaining combined, POMDPs 
performed substantively worse on problems with d<0.20. 
The improvement over queuing alone may be attributable 
to more efficient policy learning possible with smaller Ω.  
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 Figure 2 shows the performance degradation in the 
second experiment POMDP using both state queues and 
observation chains, as a percentage of the lossless perfor-
mance. Performance changes that were not substantive, but 
were close to random noise, ranged from 0% to 50% worse 
than the lossless representation. The first substantive dif-
ference came at d=.15, with a 53% degradation. The most 
substantive difference was 179% worse, but represented an 
absolute difference of only .22 (an average of .34 gaps re-
maining, compared to .12 with a lossless POMDP). 
 The third experiment (Figure 3) showed the effect on 
tutoring performance of observations with more informa-
tion. For |K|=32, tutoring left an average of 9.4 gaps when 
each observation had information about one gap, and 3.7 
when each observation described 16 gaps. For |K|=64, the 
number of gaps remaining went from 21.5 to 9.2. Finally, 
when |K|=128 performance improved from leaving 47.9 
gaps to leaving just 22.3 with information about 32 gaps in 
each observation. However, doubling the available infor-
mation again did not result in further improvement. 

Discussion 
Together, the simulated experiments in this paper show 
encouraging results for the practicality of POMDP ITSs. 
 The first experiment demonstrated that information 
compression in the experimental representations did not 
lead to substantively worse performance for problems 
small enough to compare. The size limit on lossless repre-
sentations (|K|≤8) is too restrictive for many ITS applica-
tions. The limit was caused by memory requirements of 
policy iteration. Parameters chosen to shorten training runs 
could increase maximum problem size by only one or two 
more. Furthermore, one performance advantage of using 
enumerated representations stems from their ability to en-
code complex relationships between states or observations. 
But the improvement may not be useful if it is impractical 
to learn or specify each of the thousands of relationships. 
 The second experiment suggested that although certain 
types of problems are unsuitable for the experimental re-
presentations, problems with certain characteristics are 
probably suitable. Whenever gap priority had an effect on 
the probability of clearing gaps d≥0.2, state queues could 
discard large amounts of information (as they do) and re-
tain substantively the same final outcomes. Informal dis-
cussions with subject-matter experts suggest many real-
world tutoring problems have priorities near d≈0.5. 
 The third experiment demonstrated one method to ad-
dress performance degradation in large problems. Adding 
more assessment information to each observation empiri-
cally improved performance. Observing many dimensions 
at once is practical for a subset of real-world ITS problems. 
For example, it may be realistic to assess any tutee perfor-
mance, good or bad, as demonstrating a grasp of all fun-
damental skills that lead up to that point. In such a case one 
observation could realistically rule out many gaps. 
 In the third experiment, problems with |K|=128 and more 
than 32 gaps described in each observation did not finish 
policy learning before reaching memory limits. This sug-
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Figure 1: Direct comparison to a lossless POMDP on problems 
with |K|≤8, a=.5, d=.5 shows the experimental representations 
did not substantively degrade tutoring performance. 

Figure 2: An experimental (chaining and queuing) POMDP 
can underperform a lossless representation on unsuitable 
problems. When |K|=8, as here, the absolute difference is small
but still substantive at some points (circled) where d<0.2. 

Figure 3: Performance on large problems can be improved up to 
approximately double, if every observation contains information 
about multiple features. Observation chaining greatly increases 
the number of independent dimensions a single observation can 
completely describe (the number above each column). 
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gests an approximate upper limit on problem size for the 
experimental representations. POMDPs that model 128 
gaps (1,024 states) could be sufficient to control ITSs that 
tutor many misconceptions, such as (Payne & Squibb, 
1990). Even larger material could be factored to fit within 
the limit by dividing it into chapters or tutoring sessions. 

Conclusions 
POMDPs’ abilities to learn, plan, and handle uncertainty 
could help intelligent tutoring systems proactively assist 
tutors and tutees. Simulation experiments suggested that 
with the modifications introduced herein, POMDP solvers 
can generate policies for problems as large as real ITSs 
confront. 
 Further modifications might improve ITS performance 
with the compressed representations. First, a hybrid state 
representation might only queue a subset of knowledge 
states, tracking others without queuing if greater precision 
improves proactive behavior. Second, since state queues 
discard some state information, their beliefs could be sup-
plemented by external structures such as Bayesian nets or 
particle filters interposed between the assessment source 
and the POMDP. Observation chains could transmit beliefs 
from these structures to the POMDP with high fidelity. 
 Next steps will include applying a POMDP ITS to a 
real-world tutoring problem with human tutees. 
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